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Abstract
We prove that a triangle-free graph G is a tolerance graph if and only if there exists a set of consecutively ordered stars that
partition the edges of G. Since tolerance graphs are weakly chordal, a tolerance graph is bipartite if and only if it is triangle-free.We,
therefore, characterize those tolerance graphs that are also bipartite. We use this result to show that in general, the class of interval
bigraphs properly contains tolerance graphs that are triangle-free (and hence bipartite).
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
A graph G = (V ,E) is a tolerance graph if each vertex v can be associated with an interval of the real line Iv and
a positive real number tv in such a way that uv ∈ E if an only if |Iu ∩ Iv| min(tu, tv). Considered together, this
collection of intervals I = {Iv : v ∈ V } and tolerances t = {tv : v ∈ V } is called the tolerance representation of the
graph G and denoted 〈I, t〉.When tv |Iv| for every vertex v, the tolerance representation is called a bounded tolerance
representation and G is a bounded tolerance graph.
In [3], the following was shown.
Theorem (Golumbic et al. [3]). Tolerance graphs are weakly chordal. In other words, if G is a tolerance graph, then
neither G nor G contain an induced cycle of length k5.
As an immediate consequence, we have:
Corollary. A tolerance graph is triangle-free if and only if it is bipartite.
In this bipartite setting, many characterizations exist for bounded tolerance graphs. Several of these characterizations
can be found in [4]. Further, cycle-free tolerance graphs were characterized by Golumbic et al. in [3]. In the general
case, tolerance graphs that are also bipartite have not been characterized [4, Question 3.11].
A star is a graph isomorphic to K1,m for some integer m. A cover of a graph G is a set of subgraphs G1,G2, . . . ,Gk
of G with the property that each edge of G is also on edge of at least one Gi . A partition of a graph G is a cover with
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the property that each edge of G is in exactly one Gi . A cover or partition is consecutively ordered, if these subgraphs
are ordered in such a way that every vertex v of G appears in a consecutive sub-sequence of subgraphs. In other words,
if v ∈ V (Gi) and v ∈ V (Gk) with ik, then v ∈ V (Gj ) for each ijk.
In this paper, we deﬁne a sequence of threshold graphs based on the tolerance representation of a graph G. When G
is triangle-free, we show that we can manipulate these threshold graphs to form a consecutively ordered partition of G
where each subgraph is a star. We also show the converse; given a graph G and a consecutively ordered star partition,
G has a tolerance representation. The result is a characterization of the general case of triangle-free (or equivalently,
bipartite) tolerance graphs. Finally, we observe that the class of triangle-free tolerance graphs is a subset of the class
of interval bigraphs, and we give separating examples to show that the containment relationship is proper.
2. Triangle-free tolerance graphs
In this section, we show that the edges of every triangle-free tolerance graph can be partitioned into a set of stars
that permits a consecutive ordering on the vertices.
LetG=(V ,E)be aﬁnite, triangle-free tolerance graph. LetV ={v1, . . . , vn} and let 〈I, t〉be a tolerance representation
for G with I = {I1, . . . , In} and t = {t1, . . . , tn}. So vivj ∈ E if and only if |Ii ∩ Ij | min(ti , tj ).
Let the interval Ii = [li , ri], respectively, for 1 in and without loss of generality assume that l1 l2 · · ·  ln.
For each 1 in, let Vi be the subset ofV consisting of the set of vertices whose intervals contain li +  for some > 0.
In other words, Vi = {vj | lj  li < rj }, and let I (i)j = [li , rj ] for each vj ∈ Vi . Let Gi denote the tolerance graph with
vertex set Vi having tolerance representation 〈I(i), t (i)〉 where I(i) = {I (i)j | vj ∈ Vi} and t (i) = {tj |vj ∈ Vi}. Observe
that I (i)j ∩ I (i)k ⊆ Ij ∩ Ik and so |I (i)j ∩ I (i)k | |Ij ∩ Ik|. Thus, if vjvk ∈ E(Gi)then vjvk ∈ E(G), and so Gi is a (not
necessarily induced) subgraph of G for 1 in. As G is triangle-free, each Gi is also triangle-free. Fig. 1 shows a
triangle-free graph G and a tolerance representation of this graph. We use the standard technique of representing the
intervals as parallel bars in two dimensions; the actual interval for each vertex is the projection of this bar onto the real
line. The subgraph G9 is highlighted. Fig. 2 shows Gi for each 1 i11.
Next, we observe that either I (i)j ⊆ I (i)k or I (i)k ⊆ I (i)j for any vj , vk ∈ Vi . Thus, the intervals representing the vertices
of Gi can be ordered by inclusion, and hence Gi is a min-tolerance chain graph as deﬁned in [6,4]. Such graphs have
been characterized as follows:
Fig. 1. A triangle-free tolerance graph and a min-tolerance chain subgraph.
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Fig. 2. The threshold graphs G1–G11 for the graph G in Fig. 1.
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Theorem (Jacobson et al. [6]). G is a min-tolerance chain graph if and only if G is a threshold graph.
As the only triangle-free threshold graphs are stars (possibly with isolated vertices), we have the following corollary:
Corollary. G is a triangle-free min-tolerance chain graph if and only if G has at most one non-trivial component and
this component is a star.
We begin by establishing that the non-trivial components of G1, G2, . . . ,Gn are consecutively ordered.
Lemma 2.1. Let dGi (v) denote the degree of the vertex v in the graph Gi . If dGi (vm)1 and dGk (vm)1 with i < k,
then for ijk, dGj (vm) = 0 if and only if Gj has no edges.
Proof. As vm ∈ Vi we must have lm li , and similarly, vm ∈ Vk requires lk < rm. So lm lj < rm and vm ∈ Vj for
every i < j < k.
If Gj has no edges, then clearly dGj (vm) = 0. For the converse, assume that Gj has some edge vavb (so a = b).
Now, if I (j)a ∩ I (j)b ⊆ I (j)m then we have
I
(j)
a ∩ I (j)b ⊆ I (j)a ∩ I (j)b ∩ I (j)m
and hence both I (j)a ∩ I (j)b ⊆ I (j)a ∩ I (j)m and I (j)a ∩ I (j)b ⊆ I (j)b ∩ I (j)m . Thus, either
|I (j)m ∩ I (j)a | min(tm, ta)
or
|I (j)m ∩ I (j)b | min(tm, tb),
and either
vmva ∈ E(Gj )
or
vmvb ∈ E(Gj ).
Thus, d(vm)1 in Gj .
On the other hand, if I (j)a ∩ I (j)b I (j)m , then I (j)m ⊂ I (j)a and I (j)m ⊂ I (j)b and so we must have rm < ra and rm < rb.
Now, vm ∈ Vk requires that lk < rm, and combining these inequalities and the ordering on the set of left endpoints we
have la lj  lk < rm < ra , and so va ∈ Vk and by the same argument, vb ∈ Vk . Furthermore, as rm < ra and rm < rb
we must have I (k)m ⊂ I (k)a and I (k)m ⊂ I (k)b . Now, let vc be a neighbor of vm in Gk (so |I (k)c ∩ I (k)m | min(tc, tm)). Then,
I (k)c ∩ I (k)m ⊆ I (k)m ⊆ I (k)a ∩ I (k)m ,
so we have
|I (k)a ∩ I (k)m | min(tm, tc)
and similarly
|I (k)b ∩ I (k)m | min(tm, tc).
If tm tc, then va , vb, and vm induce a clique in G, and since G contains no three clique we must have a = m or
b = m. In either case, d(vm)1 in Gj .
So we may assume that tm > tc. As rm < ra , we have I (k)c ∩ I (k)m ⊆ I (k)c ∩ I (k)a and similarly, I (k)c ∩ I (k)m ⊆ I (k)c ∩ I (k)b .
Thus,
|I (k)c ∩ I (k)a | min(tm, tc) = tc min(tc, ta)
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and by the same argument,
|I (k)c ∩ I (k)b | min(tc, tb).
Again, va , vb, and vc form a clique in G and so a = c or b = c. Thus, we have vmva ∈ E(Gk) or vmvb ∈ E(Gk). This
establishes that
|I (k)m ∩ I (k)a | min(tm, ta)
or
|I (k)m ∩ I (k)b | min(tm, tb).
Finally, we have
|I (j)m ∩ I (j)a | |I (k)m ∩ I (k)a |
and similarly,
|I (j)m ∩ I (j)b | |I (k)m ∩ I (k)b |.
Thus, vmva ∈ E(Gj ) or vmvb ∈ E(Gj ) and so dGj (vm)1. 
Next, we note that every edge of G is contained in at least one Gi .
Lemma 2.2. For every vavb ∈ E(G), there exists an index i such that vavb ∈ E(Gi).
Proof. Without loss of generality, assume that a <b, so la lb. Thus, Ia ∩ Ib = [lb,min(ra, rb)] = [lb, ra] ∩ [lb, rb] =
I
(b)
a ∩ I (b)b , and so |I (b)a ∩ I (b)b | = |Ia ∩ Ib| min(ta, tb) and hence vavb ∈ E(Gb). 
The next two lemmas show that we can manipulate the non-trivial components of G1, . . . ,Gn to obtain a partition
of the edges of G.
Lemma 2.3. If vavb ∈ E(Gi) and vavb ∈ E(Gk) with i < k, then vavb ∈ E(Gj ) for i < j < k.
Proof. Clearly va ∈ Vj and vb ∈ Vj for i < j < k. Note that I (k)c ⊆ I (j)c for every vc ∈ Vj ∩ Vk . The proof is then
complete by observing that
|I (j)a ∩ I (j)b | |I (k)a ∩ I (k)b | min(ta, tb). 
Lemma 2.4. If vavb ∈ E(Gi) ∩ E(Gj ), then Gi and Gj have the same central vertex.
Proof. Without loss of generality we can assume that |E(Gi)| |E(Gj )|. If E(Gi) ⊆ E(Gj ), then the result is
immediate. So we may assume that E(Gi)E(Gj ), and also that |E(Gi)|2. Let va be the unique vertex of Gi with
degree larger than one. Now we choose vc, c = b such that vavc ∈ E(Gi). As Gi is a star, we know that vbvc /∈E(Gi).
Thus, we have the following three inequalities:
|I (i)a ∩ I (i)b | min(ta, tb),
|I (i)a ∩ I (i)c | min(ta, tc)
and
|I (i)b ∩ I (i)c |<min(tb, tc).
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Since I (i)a ∩ I (i)b ∩ I (i)c ⊆ I (i)b ∩ I (i)c , we conclude that |I (i)a ∩ I (i)b ∩ I (i)c |<min(tb, tc). But as I (i)c ⊆ I (i)b or I (i)b ⊆ I (i)c ,
it follows that
I (i)a ∩ I (i)b ∩ I (i)c = I (i)a ∩ I (i)b
or
I (i)a ∩ I (i)b ∩ I (i)c = I (i)a ∩ I (i)c .
From this, we conclude that
|I (i)a ∩ I (i)b ∩ I (i)c | min(min(ta, tb),min(ta, tc)) = min(ta, tb, tc).
Thus, min(ta, tb, tc) |I (i)a ∩I (i)b ∩I (i)c |<min(tb, tc)which requires that ta < tb. Using the same argument, if we assume
that vb in the central vertex of Gj we obtain tb < ta , a contradiction. So the central vertex of Gj must also be va . 
We are now ready to combine all of the previous results. Denote by G′i the non-trivial connected component of Gi
(if any; let G′i be the graph on 0 vertices otherwise) for 1 in. Let s0 = 1 and let si , i1 be the maximal index such
that
si−1⋃
j=si−1
G′j
is a star. As n is ﬁnite, this procedure terminates with sm = n + 1 for some m. Finally, we form S1, . . . , Sm by
Si =
si−1⋃
j=si−1
G′i .
We claim that S1, . . . , Sm is a consecutively ordered set of stars that partition the edges of G. Each Si is a star by the
deﬁnition of si , and the consecutive ordering of the set is established by Lemma 2.1. The set covers the edges of G as is
shown in Lemma 2.2, and the cover is edge-disjoint by Lemmas 2.3 and 2.4. We have established the following result.
Theorem 2.1. If G is a triangle-free tolerance graph (or equivalently, if G is both bipartite and a tolerance graph),
then there exists a set S = {S1, . . . , Sk} of consecutively orderable star-subgraphs that partition the edges of G.
In the next section, we show that this necessary condition is also sufﬁcient, and thus characterizes the class of
triangle-free tolerance graphs.
3. A characterization of triangle-free tolerance graphs
Throughout this section, we assume that G is a ﬁnite, connected, triangle-free graph that has a star-partition S =
{S1, . . . , Sm} that is consecutively ordered (so v ∈ V (Si) ∩ V (Sk) if and only if v ∈ V (Sj ) for every ijk). Let Vi
denote the vertex set of Si .
We may assume that consecutive stars in our set S have distinct centers; if not, we can combine the consecutive stars
with a common center and obtain the set S′. For a graph Si that consists of a single edge, arbitrarily designate one
vertex ci . In all other cases, let ci be the unique vertex of Si that has degree at least two.
We demonstrate that G is a tolerance graph using the following algorithm.
Let a0 = 0 and a1 = 1. For i > 1, let
ai = 1
m
· ai−1 if ci−1 ∈ Vi
= m · ai−1 if ci ∈ Vi−1
= ai−1 otherwise.
Now let fv and lv be the smallest and largest indices i such that v ∈ Vi , respectively.
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Algorithm 3.1. Deﬁne Iv and tv for each vertex v as follows:
Iv =
⎡
⎣
fv∑
i=1
ai−1,
lv∑
i=1
ai
⎤
⎦ ,
tv = ai if v = ci for some i and tv = ∞ otherwise.
We initially show that ai is well-deﬁned for each 1 im.
Lemma 3.1. If ci ∈ Vj for some i = j , then Vi ∩ Vj = {ci}.
Proof. Assume that ci ∈ Vj and that |Vi ∩ Vj |2. Choose v ∈ Vi ∩ Vj with v = ci . If v = cj , then cicj ∈ Ei ∩ Ej ,
contradicting the fact that S partitions the edges of G. If v = cj , then v, ci , and cj form a triangle in G, another
contradiction. So Vi ∩ Vj = {ci}. 
Note that two stars may have the same center, so long as they are non-consecutive. The next lemma shows that even
when this is the case, tv is well-deﬁned.
Lemma 3.2. Let v = ci for some i. For each j such that v ∈ Vj , aj = ai if v = cj and aj = (1/m) · ai otherwise.
Proof. First, we show that if v=ci , then for each j such that v ∈ Vj but v = cj , aj =(1/m)·ai .Without loss of generality,
assume that v = cj ′ for any j ′ between i and j. If i < j , then since ci ∈ Vj−1, v ∈ Vj−1 ∩ Vj and since v = cj−1, by
the previous lemma cj /∈Vj−1 and cj−1 /∈Vj . Thus, aj = aj−1, and similarly, aj = aj−1 = aj−2 = · · · = ai+1. Finally,
as c(i+1)−1 ∈ Vi+1, we have ai+1 = (1/m) ·ai . By the same argument, if j < i we have v= ci ∈ Vj ∩Vj+1 ∩· · ·∩Vi−1
and repeated application of Lemma 3.1 gives aj = aj+1 = aj+2 = · · · = ai−1 = (1/m)ai .
Next, we show that for i < j and ci = v = cj , ai = aj . If no two stars share the same center, then the result is
immediate. So, we can assume that for some vertex v we have ci = v= cj with i < j , and as Sj and Sj−1 have different
centers by assumption, we also have i = j − 1. Without loss of generality, assume that v = cj ′ for every i < j ′ <j .
Then, by the above argument, we have aj ′ = (1/m) ·ai and aj ′ = (1/m) ·aj for each i < j ′ <j , and hence ai =aj . 
We can now complete our characterization of triangle-free tolerance graphs.
Theorem 3.1. Let G be a ﬁnite, connected, triangle-free graph with a consecutively ordered star partition S =
{S1, . . . , Sm}. Then for I = {Iv : v ∈ V } and t = {tv : v ∈ V } with Iv and tv deﬁned by Algorithm 3.1, 〈I, t〉 is
a tolerance representation for the graph G.
Proof. We must show that uv ∈ E(G) if and only if |Iu ∩ Iv| min(tu, tv). Clearly if uv ∈ E(G), then uv ∈ E(Si)
for some i and so |Iu ∩ Iv|ai . As either u = ci or v = ci , ai min(tu, tv).
Conversely, assume that uv /∈E(G) and tu tv . If tu = tv = ∞, then |Iu ∩ Iv|<min(tu, tv), so we can assume that
u = ci for some index i, and so tu = ai . Now since uv /∈E(Sj ) for any j, any star Sj which contains both u and v must
have u = cj . From this we conclude that v /∈Vi and aj = (1/m) · ai for each index j such that u, v ∈ Vj . Now let k be
the number of stars which contain both u and v. As k <m, it follows that |Iu ∩ Iv| = (k/m) · ai < ai =min(tu, tv). 
Corollary. If a triangle-free graph G has a consecutively orderable star partition, then G is a tolerance graph.
We have shown the following:
Theorem 3.2. A triangle-free graph G is a tolerance graph if and only if there exists a consecutively orderable set of
stars that partition the edges of G.
Lastly, we use the above characterization of triangle-free (and hence bipartite) tolerance graphs to show that such
graphs are properly contained in the class of graphs known as interval bigraphs. A bipartite graph G= (X, Y,E) is an
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Fig. 3. Some interval bigraphs that are not tolerance graphs.
interval bigraph if each vertex v can be associated with an interval of the real line in such a way that uv ∈ E if and
only if Iu ∩ Iv = ∅ and exactly one of the vertices u and v is contained in the set X.
The following characterization is a direct consequence of work by Sen et al. on interval digraphs [7], and was
observed directly for interval bigraphs by Brown et al. [1]:
Theorem. A bipartite graphG is an interval bigraph if and only if there exists a set of consecutively orderable complete
bipartite subgraphs that cover the edges of G.
As such, we have the following corollary:
Corollary. Every bipartite tolerance graph is an interval bigraph.
Proof. Every star is a complete bipartite subgraph, and every partition is a cover, and thus the result is an immediate
consequence of Theorem 3.2. 
We also note that the forbidden subgraph characterization of cycle-free tolerance graphs (in [3]) precisely coincides
with the forbidden subgraph characterization of cycle-free interval bigraphs (in [2]). This equivalence is also a direct
consequence of Theorem 3.2. It would be surprising for this equivalence to hold in the general bipartite case. In fact it
does not; Fig. 3 gives several separating examples.
4. Concluding remarks
We have presented a characterization of triangle-free tolerance graphs and used this characterization to show that
such graphs form a proper subset of the class of interval bigraphs. This characterization may be useful in efforts to
develop techniques to recognize triangle-free tolerance graphs or to provide other characterizations, perhaps based on
known characterizations of interval bigraphs such as those by Hell and Huang [5] and Sen et al. [7].
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